Different kinds of Mathematical Induction

(1) Mathematical Induction

Given AcN, [l1eA A (aeA = atleA)] = A=N.

(2) (First) Principle of Mathematical Induction

Let P(x) be a proposition (open sentence), if we put
A={x:xeN A p(x)istrue}in (1), we get the Principle of Mathematical Induction.

If (1) P(1)istrue;
(2) P(K)istrue forsome ke N = P(k+1)istrue
then P(n) istrue V n € N.

(3) Second Principle of Mathematical Induction

If (1) P()istrue;
(2) V1<ic<k, P(i)istrue [i.e. P(1) AP(2) A .... AP(K) is true]
= P(k+1) is true
then P(n) istrue V n € N.

(4) Second Principle of Mathematical Induction (variation)

If (1) PQQ)AP2) istrue;
(2) P(k-1) AP(K) istrue forsome ke N{1} = P(k+1)is true
then P(n) istrue vV n € N.

(5) Second Principle of Mathematical Induction (variation)

If (1) PQAPR2)A....AP(mM) is true;
(2) P(k) istrueforsome ke N = P(k+m)is true
then P(n) istrue V n € N.

(6) Odd-even M.I.
If (1) PQQ)AP2) istrue;

(2) P(k) istrue forsome ke N = P(k+2)is true
then P(n) istrue vV n € N.
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More difficult types of Mathematical Induction

(7) Backward M.I.

If (1) P(n)istrue ¥ n € A, where A is an infinite subset of N;
(2) P(K)istrue forsome ke N = P(k-1) is true
then P(n) istrue V n € N.

(8) Backward M.I. (variation) (more easily applied than (7))

If (1) P()istrue;
(2) P(29istrue forsome ke N = P2 is true;
(3) P(K)istrue forsome ke N = P(k-1) is true
then P(n) istrue V n € N.

(9) Different starting point

If (1) P(a)istrue, wherea e N;
(2) P(K)istrue forsome k e N,wherek>a = P(k+1) is true

then P(n)istrue Vne N{1,2,...,a-1}

(10) Spiral M.I.

If (1) P()istrue;
(2) P(K) is true for some k € N = Q(K) is true
Q(K) is true for some k € N = P(k+1) is true
then P(n), Q(n) aretrue v n e N.

(11) Double M.1.

Double M.I. involves a proposition  P(m, n) with two variables m, n.

If (1) P(m,1)andP(1,n) istrue Vm,neN;
(2) P(m+1, n)and P(m, n+1) are true for some m,ne N
= P(m+1, n+1) is true

then P(m,n) istrue Vv m,neN.

Page 2



A Prime Number Theorem [Second Principle of Mathematical Induction]

Prove that the nth prime number p, < 27

Solution

Let P(n) be the proposition: p, < 22

For P(1), p,=2< 2% o P() istrue.

Assume P() istrue vV i st 1i<k,ie P, <22, P, <2% ... P <22 .. (¥

For P(k+1), Multiply all inequalities in (*),  p,p,...p, <2227 ...2%
D.P,..Pp, +1< 2727 2% = 0222t _ 22 92

For any prime factor p of p.P,...p, +1 ,wehave p< 27" ,

Since py, p2, ..., px  are not prime factor of p,p,....p, +1, wehave pc<p andhence
P, <p<2” © P(k+1) istrue.

By the Second Principle of Mathematical Induction, P(n) istrue Vv neNN.

Recurrive formula [Second Principle of Mathematical Induction]

Let {a,} beasequence of real numbers satisfying a; =2, a,=3 and a = 3ap+ — 28, .

Prove that a,=2"%+1.

Solution
Let P(n) be the proposition: a,=2"'+1.
For P(1)AP(2), a=2=2""+1, ap,=2=2""+1. 5 PQ)APQ) istrue.
Assume P(k) A P(k+1) istrue for some ke N.
ie. a=2"+1 e (D)

A= 2¢+1 )
For P(k+2), aw, =3awi—2a= 3(2“+1)-2@t+1)=2""+1
P(k +2) istrue.
By the Second Principle of Mathematical Induction, P(n) istrue Vv neNN.

Odd Even Mathematical Induction

Let a; =2, =2 a2 =apt1

Prove that a, :%(n +1)+%[1+(—1)”] :

Solution
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is true.

Let P(n) be the proposition: a, = ;(n +1)+ [1+ ] .
For P(1), a, =1= ;(1+1 [1+ ]
For P(2), a, = (2+1 [1+ ] P(1) A P(2)
Assume P(k) istrue forsome keN. ie. a, = (k+1 [1+ ]
For P(k +2),
Ay “atl== (k+1 [1+ ]+1 , by (%)

:i[(k+l)+l]+1b+(—1)k*l]

2 4
P(k +2) istrue.
By the Principle of Mathematical Induction, P(n) istrue VneN.

Backward Mathematical Induction

™)

Let f(x) be a convex function defined on [a, b], i.e. f(x,)+f(x,) < 2f (LZXZ] for all x1, X, € [a, b].

For each positive integer n, consider the statement:

I(n):
(@) Prove by induction that  1(2") is true for every positive integer k.
(b) Provethatif 1I(n) (n=>2)is true, then I(n-1) is true.
(c) Provethat I(n) is true for every positive integer n.
Solution
@ I(n):

Assume 1(2¥) istrue.i.e. f(x1)+...+f(x2k)s2kf(

For 1(2Y),

F(x,)+... +f(x2k)+f(x2k+l) +... +f(x2k+1)

X, + ot X, Xow Ao X
Szkf(sz_'_zkf[ 2°+1 2k 2
+...+X2k+1

¢ Xy + ot X Xoe s
2~ 2X
:2"”{{ yog T X ﬂ

2k+1

o

O
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X, +..+X

gt ok
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If xielabl, i=12, ..,n,then f(x1)+.,,+f(xn)snf(xl+---+xn).
n

If Xi € [a’ b]' i= 1’ 21 LR n! then f(X1)++f(Xn)S nf(—xl++xn\)
n

For 1(2Y), since it is given that f(x1)+f(x2)£2f(%} is true.

()

Xy + o X,
2k

X«
+f( 2

X
+

yoyg e X

j:|£2k2|:f(l()(l +oF Xy
2 2X

1Y s true

2k

: +2"k' e ﬂ by (2)

)



(b) Assume I(n) istrue (n=>2),

ie. f(xl)+...+f(xn)snf(mj=nf(n_l(xl+"'+X”1+ Xn D
n

n n-1 n-1
n-1
F(x,) o4 F (X)) +f(Mj < nf(MJ
-1 n-1
F(x,) + .+ F(x, ) <(n _1)f(L+lxn—1) - 1) is also true.

(c) VneN, F(keNandreN) suchthat n=2-r.

Spiral Mathematical Induction

Givenasequence {a,} satisfying ammi=3m(m-1)+1land aym,=3m% where meN.

n Sam-1 =lm(4m2 _3m+1) ()
Let S,=>a, ,provethat 2
i=1 S

2m

= %m(4m2 +3m +1) -(2)

Solution

Let P(m) bethe proposition: S, ;= %m(4m2 -3m +1)

Q(m) be the proposition: S, :%m(4m2 +3m +1)

For P(1), Si=a;=1 S (1) istruefor m=1.
Assume P(k) istrue forsome keN., i.e. SZH:%k(4k2—3k+1) e (M
1 2 2 1 2 .
@) For Q(K), Su=Swi+an= Ek(4k —3Kk+1)+3k :Ek(4k +3k+1) . . Q) istrue.

(b) For P(k+1),

Soke1 = Sok + dguer = %|<(4|<2 13Kk +1)+ [3(k + 1)k +1]
- %[(4k3 +12K2 +12K +4)— (3k? + 6k +3)+ (k +1)]

- %[4(k +1)° =3k +1) + (k +1)]= %(k sDfak+1f -3k +0)+1] . o P+ D) istrue,

Since (1) P(2) is true.
(2) P(k) is true = Q(k) istrue = P(k+1)istrue
By the Principle of Mathematical Induction, P(n) istrue VneN,
Since (1) P(2) is true. = Q1) istrue
(2) Q(k) istrue = P(kk+1listrue = Q(k+1) istrue
By the Principle of Mathematical Induction, Q(n) istrue VneN.
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Mathematical Induction with parameter

1 ,whena=1
0 ,whena>1,aeN

Let f(a, 1) = {

f(a,n)+1 ,whena=1

d f(a, n+1) = |
an @, n1) {f(a,n)”(a—l:”) ;whena>1,aeN

n(n—1).(n—a+1)

Prove that  f(a,n)= o

Solution
n(n-1).(n—a+1)

Let P(n) be the proposition: f(a,n)= o (1)
(1) For P(1), there aretwo cases:

When a=1, LHS.=f(1 1)=1. RH.S. = %:1

Whena>1, LH.S.=f(a 1)=0. RH.S. = 1(”_1)';(%_“1):0 . P(1) is true.
(2) Assume P(k) istrueforsome keN. ie  f(ak)= k(k-1).(k-a+1) 2)

al

For P(k+1), there are also two cases:
When a=1, LHS.=fa, k+1)="f(a k)+1= %+1:k+1:%:R.H.S.
Whena > 1, L.H.S. =f(a,k) +f(a-1, k)

Kk-1).(k-a+1)  kk-1).(k-a+2) by (2), fak) and fa—1,k) hold.

al a-1)!
_ k(k—l)...(k—a+2)[(k_a+1)+a]

_(k+1k(k-1).(k-a+2) _ RHLS.

P(k+1) istrue.
By the Principle of Mathematical Induction, P(n) istrue VneNN.

Comment If the proposition with natural number n contains a parameter a, then we need to apply

mathematical induction for all values of a.
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Double Mathematical Induction

Prove that the number of non-negative integral solution sets of the equation

X1+ X+ ... +Xm=n , m,neN.
: _ (n+m-1)
IS f(m,n)— m (1)

Solution
Let P(m,n) be the given proposition.
(@) For P(1,n), Theonlynon-negative integral solution set of the equation  x; =n isonly itself.
n+1-1)!
Iin (1), f(1,n)= ﬁzl
P(1,n) istrue.
For P(m, 1), The non-negative integral solution sets of the equation
Xg+Xo+ ...+ Xn=1
are (1,0,0...,0),(0,1,0,..),...,(00,0, ..., 1).
Thereare m sets of solution altogether.
(L+m-1)!_ .
1(m-1)!
P(m, 1) istrue.
(b) Assume P(m,n+1l) and P(m+1,n) aretrueforsome m,neN.. ie

In (1), f(m, 1) =

the number of non-negative integral solution sets of the equations :

Xi+Xo+ ...+ Xn=n+1 e (2
X1+ Xo+ ... ¥ X+ Xme1 =N e (3)
] ]
are f(m, n+1) = (e m) and f(m+1,n) = (n+m)! respectively .

(n+1)Y(m-1)!
For P(m+1,n+1), The non-negative integral solution sets of the equation :
Xi+Xo+ ...+ Xp+ X1 =n+1 e (4)

may be divided into two parts:  Xm+1 =0 0OF Xme1>0.
(i) For xm+«a=0, equation (4) becomes equation (2), and the number of non-negative integral solution
sets is f(m, n+1) = —(n Jfg;(m)_' 1)! .
(i) For xm1>0, replace Xme1 by Xme+1 and equation (4) becomes:

X1+ Xo + ... + Xy + Xme1 = N, and the number of non-negative integral solution

sets is f(m+1, n) =
n'm!

The total number of non-negative integral solution sets is
[(n+1)+(m+1)-1]
(n+2)!(m+1)-1]t

(n+m)t  (n+m)! _ (n+m)!

(n+1)!(m-1)!  n!m! (n+1)!m![(”+1)+m]=

P(m+1, n+1) s also true.
By the Principle of Mathematical Induction, P(m,n) istrue v m,neN.
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